ABSTRACT
INTRODUCTION
The rate at which a binary system evolves to a state of a minimum kinetic energy (circular orbit, all spins aligned and synchronous with the orbital motion) depends on the dissipation of the tidal kinetic energy (see Zahn 2008 , for a review). When a radiative zone exists, radiative damping operates on the dynamical tide (Zahn 1975; Goodman & Dickson 1998) . It results from the excitation of internal gravity waves near the boundary of the convective zone and the radiative zone that then travel outwards (inwards) in the radiative envelope (core) .
In what follows, we concentrate on the synchronization of stars with radiative envelopes, as the derivations for circulation and for radiative cores is analogous. The torque applied to the star in this case is given by (Zahn 1975) 
where M is the mass of the star, qM is the mass of the companion, R is the radius of the star, d is the distance between the stars, E 2 is a parameter to be discussed below, s = 2|ω − Ω| R 3 /GM is the ⋆ E-mail: kushnir@ias.edu normalized apparent frequency of the tide, ω is the orbital angular velocity and Ω is the rotational angular velocity of the star. We consider the case s −1 ≫ 1, in which the forced oscillations in the envelope behave like a purely travelling wave, and the function p(s) multiplying τ in Zahn (1975) is ≈ 1. The torque is being applied to the convective core at radius r c , but in order to cast the torque in terms of the global stellar properties (radius, R and mass qM), Zahn (1975) introduced the factor E 2 that depends strongly on r c /R and can thus compensate for this. The numeric value of E 2 varies by many orders of magnitude for different stars owing to the strong dependence on the radius of the star, ∝ R 9 .
The physics of the internal gravity waves and how they lead to torques is now well understood. A simple order of magnitude of the effect can be found, for example, in Goldreich & Nicholson (1989) (see also Savonije & Papaloizou 1984) :
where Φ ext = G(qM)r 2 /d 3 is the perturbing tidal potential, ρ is the density, g is the gravitational acceleration, ω is the orbital angular velocity and r is the radius. All quantities are evaluated at the boundary of the convective core and λ is a length scale constructed c 2017 The Authors using the derivative of the Brunt-Väisälä frequency with radius at that location and determines the scale of variation of the waves in the radial direction. We show below that this estimate (as well as Savonije & Papaloizou 1984 ) lacks a factor (1 − ρ/ρ) 2 , whereρ is the average density of the core. This factor tends to decreases the torque for cores with density distribution which is close to uniform, and cannot be neglected. For example, for n = 3 polytrope with r c /R=0.1 this factor is ≈ 7.9 · 10 −3 , leading to an error of more than two orders of magnitude. Goodman & Dickson (1998) repeated a simplified version of the Zahn (1975) analysis for low mass stars where the core is radiative while the envelope is convective. These cases only differ by whether the waves propagate towards the surface of the star or towards the centre. As long as the waves get damped before they can get reflected back to the radiative-convective boundary there is no practical difference between these cases. However, it is not apparent that the torque derived by Goodman & Dickson (1998) is indeed identical to the expression derived by Zahn (1975) . In Appendix A we summarise the physics of the internal gravity waves and directly compare the formulas in Zahn (1975) , Goldreich & Nicholson (1989) and Goodman & Dickson (1998) .
Although it is well understood that the torque does not depend on the radius of the star but on the location and properties at the boundary of the convective core, Equation (1) is being routinely used in the literature. To reiterate the problem with doing so, a large factor of (R/r c ) 9 (M/M c ) −4/3 ∼ 10 5 − 10 10 , which is very sensitive to the the properties of the star, multiplies the torque by using the values at the stellar radius instead of at the core radius, and then a small factor of 10 −5 − 10 −10 from E 2 is again multiplied to compensate for this large factor. While technically correct, in a given application this can lead to significant errors as both the large and the small factors are very sensitive to the properties of the stars and are not known exactly for many astrophysical systems of interest. The problem is worse in practice, and different authors have obtained apparently inconsistent values of E 2 over time (Zahn 1975; Claret & Cunha 1997; Siess et al. 2013) . Moreover, Hurley et al. (2002) fit the E 2 values of Zahn (1975) as a function of M, and this fit is adopted in many codes [e.g., BSE (Hurley et al. 2002) , StarTrack (Belczynski et al. 2008) , MESA (Paxton et al. 2015) ] to interpolate (and sometimes extrapolate) E 2 values, in a regime where this is wholly inappropriate. Siess et al. (2013) recognised this problem and pointed out that this procedure leads to at least an order of magnitude error for the value of the torque. We emphasise here that the basic problem is the mere use of Equation (1) and E 2 , and we suggest an alternate expression for the torque, which is normalised to the core boundary with a dimensionless coefficient of order one. Previous attempts to express the torque in such a form are either missing the (1 − ρ/ρ ) 2 factor (Savonije & Papaloizou 1984; Goldreich & Nicholson 1989) or not easy to implement (Goodman & Dickson 1998) .
In Section 2, we review the calculation of the parameter E 2 , and we resolve the apparent discrepancy between the inconsistent E 2 values in the literature, by showing that the value of E 2 can be accurately derived from a polytrope model. We further supplement E 2 values for main sequence (MS) models and Wolf-Rayet (WR) models calculated by the MESA code (Paxton et al. 2011 , see Appendix B for details). We use these WR models in a companion paper that analyses the consequences of the torque applied by a black hole to a WR star to the gravitational-wave emission from the subsequent merger of two black holes (Kushnir et al. 2016) . We demonstrate the sensitivity of E 2 on the properties of the star. In Section 3, we express the torque with an alternate form, Equation (8), which is the main result of this paper. Readers not interested in the form of the torque that contains E 2 , may skip directly to Section 3.
THE VALUE OF E 2
The parameter E 2 introduced in Zahn (1975) can be written as
where Γ is the gamma function, the subscript c indicates values at the convective core boundary,ρ is the mean density inside the sphere of radius r, N is the Brunt-Väisälä frequency, and we assumed that N 2 c = 0. The parameter H 2 is given by
where Y is the solution of
regular at the centre, x is the normalised radius r/R, prime indicates a derivative with respect to x, and X is the solution of
regular at the centre. Note that the factor 5/[Y ′ (1) −Y (1)] in Equation (4) is sometimes replaced with 1/Y (1) (Claret & Cunha 1997; Siess et al. 2013) , which is justified when the apsidal motion constant,
satisfies k 2 ≪ 1. The value of E 2 is completely determined by the density profile, ρ(r), the location of the convective core boundary andn c . Assuming that ρ(r) can be reasonably approximated by a polytrope and thatn c is of the order of unity (both assumptions hold for our MS and WR models), then it is useful to inspect E 2 as a function of x c for a given stellar model in comparison with the results from the relevant polytrope. In Figure 1 we show E 2 as a function of x c for the following:
(i) The results of Zahn (1975) for the unpublished, simplified 1.6 − 15 M ⊙ MS stellar models of Aizenman.
(ii) The results of Claret & Cunha (1997) for the MS stellar models of Claret (1995) ; Claret & Gimenez (1995) over the mass range of 1.6 − 32 M ⊙ . Since the results of Claret & Cunha (1997) are given as a function of M c /M, we assumed n = 3 polytrope to estimate the x c values.
(iii) The results of Siess et al. (2013) for the MS stellar models of Siess (2006) over the mass range 2 − 20 M ⊙ .
(iv) Our results for the MS and WR models (see Appendix B). Some details regarding the numerical calculation of E 2 are given in Appendix C.
(v) Polytrope models, for which onlyĒ 2 can be calculated (E 2 up to a factorn c ). 
β 2 /100 n = 2.5,Ē2 n = 3 n = 3.5 Zahn 75, E2 Claret & Cunha 97(n = 3) Siess et al. 13 MS WR n = 2.5,β2/100 n = 3 n = 3.5 MS, β2/100 WR Figure 1 . The values of E 2 and β 2 /100 as function of the normalised location of the convective core boundary x c = r c /R. Lines: Polytrope models, for which onlyĒ 2 (solid) andβ 2 (dashed) can be calculated (E 2 and β 2 up to a factorn c = (r/g · dN 2 /d ln r) −1/3 , respectively); with blue, red and black for n = 2.5,3 and 3.5, respectively. Circles: E 2 values for different models; red: Zahn (1975) for the unpublished, simplified 1.6 − 15 M ⊙ MS stellar models of Aizenman, brown: Claret & Cunha (1997) for the MS stellar models of Claret (1995) ; Claret & Gimenez (1995) over the mass range of 1.6 − 32 M ⊙ , where the x c values are estimated by assuming n = 3 polytrope, green: Siess et al. (2013) for the MS stellar models of Siess (2006) over the mass range of 2 − 20 M ⊙ , black: our MS models, blue: our WR models. x's: β 2 /100 for our models; black: MS, blue: WR. Our WR results are an extension of the previous MS results to larger x c values. The variation of E 2 over many orders of magnitude is a direct consequence of the choice of parameters in Equation (1). β 2 is the dimensionless coefficient in our alternate form for the torque, expressed by using the values at the core boundary (Equation (8)). β 2 is almost independent of the properties of the star and its value is approximately unity. Lines: Polytrope models, with blue, red, and black for n = 2.5,3 and 3.5, respectively. x's: our models; black: MS, blue: WR. The deviation between our MS and WR models and between the polytrope models are less than 20%, which is due to the small deviation of the stellar density profiles from polytropes. Right-hand panel:n c = (r/g · dN 2 /d ln r) −1/3 for our MS and WR models. The values ofn c deviate from unity by less than a factor of 2.
We see that our MS results are consistent with the results of Siess et al. (2013) , of Claret & Cunha (1997) , and of Zahn (1975) . For our MS and WR results, we can directly verify that the profiles are well described by polytropes with n ≈ 2.5 − 3.5,n c is in the range ≈ 0.6 − 1.6 (see right-hand panel of Figure 2 ) and that the E 2 estimate from the relevant polytrope is accurate to better than a factor 2. Our WR results are an extension of the previous MS results to larger x c values.
Most crucially, the variation of E 2 over many orders of magnitude is a direct consequence of the choice of parameters in Equation (1). In the next section, we rewrite Equation (1) with physical parameters that minimise this large variance.
ALTERNATE FORM FOR THE TORQUE
In this Section, we rewrite Equation (1) to a form somewhat more natural from a theoretical point of view. The torque applied to the star is being applied to the convective core, so one would expect that the relevant quantity is the core radius r c = x c R rather than the stellar radius R. As described in Appendix A, Equation (1) 
where s c ≡ 2|ω − Ω| r 3 c /GM c , and α 2 is an order-unity constant of proportionality that relates the displacement at the convectiveradiative boundary in the dynamical tide relative to the equilibrium tide times the deviation from constant density. Note that all quantities in this expression are evaluated at the core boundary. Direct inspection of Equation (1) shows that
In Figure 1 , we plot β 2 for our MS and WR models and for the polytrope models (for which one can calculate onlyβ 2 = β 2 /n c withn c = (r/g · dN 2 /d ln r) −1/3 ). The value of β 2 is almost independent of x c and is approximately unity. Since the torque depends on high powers of the core radius and of the distance between the stars, one can take β 2 = 1 for most applications of this theory. We nevertheless plot, for completeness, the values ofβ 2 in the lefthand panel of Figure 2 using a linear scale. The deviation between our MS and WR models and between the polytrope models are less than 20%, which is due to the small deviation of the stellar density profiles from polytropes. The values ofn c for our MS and WR models are shown in the right-hand panel of Figure 2 , and they deviate from unity by less than a factor of 2.
In summary, we provide a simple alternative version of the Zahn (1975) expression for the dynamical tidal torque experienced by a star in a close binary system. Our alternate formulation references the core radius rather than the stellar radius and thus eliminates the need to compute E 2 , and the associated pitfalls in doing so, for the majority of modern applications. Previous attempts to express the torque in such a form are either missing an important factor, which depends on the density profile of the star, or not easy to implement.
APPENDIX A: INTERNAL GRAVITY WAVES
Here we aim to clarify the various formulae in the literature for the energy carried by the internal gravity waves excited at the boundary between the convective core and the radiative envelope. This will motivate using the location and other parameters of this boundary to express the torque.
As a simple easily understood example, it is useful to consider the case of a plane parallel atmosphere where z is the vertical direction and g the acceleration of gravity. We are interested in internal gravity waves as those can have frequencies well below the dynamical frequency of the star that characterises the frequency of the sound waves. The restoring force for these waves is buoyancy and is characterised by the Brunt-Väisälä frequency N:
where p is the pressure and
When a fluid element moves a distance δ z the resulting acceleration is given by −N 2 δ zẑ. When considering internal gravity waves, one takes the density of the fluid as near constant with a value ρ c . The acceleration of a fluid element is given by
where b is the buoyancy and it satisfies:
Finally, motions do not lead to compressions in the fluid as sound waves result in much higher frequency. Thus we also have
These equations are enough to recover the dynamics of internal gravity waves. One can combine them to obtain an equation for thê z component of the velocity w =ẑ · v, accurate to first order in the perturbation:
where ∇ 2 h = ∇ 2 − ∂ 2 /∂ z 2 is the Laplacian in the horizontal direction. In the case where N is constant one can easily derive the dispersion relation:
where ω is the angular frequency,
Note that the frequency decreases as k z increases, such that the group velocity is opposite in sign to the phase velocity. To have excitation of frequencies well below N 2 one needs k 2 ⊥ ≪ k 2 ; the modes need to have a very short wavelength in the vertical direction. For our application theẑ direction will be the radial direction of the star. The high spatial frequency of the oscillations will mean that tides will not easily excite these waves. As described in Goldreich & Nicholson (1989) , the situation changes as one approaches the boundary of the radiative and convective regions as N 2 approaches zero there. There is a turning point for the waves at that location and the waves become evanescent in the convective zone. The waves vary more slowly in this part of the star. It is in there that tides can excite the waves.
Because the crucial dynamics for the excitation of the waves happens near the radiative-convenctive boundary, which is near the turning point where ω 2 = N 2 , we cannot treat N 2 as constant. To get an analytic handle one can approximate N 2 as varying linearly with z. This was the approach adopted by Zahn (1975) for massive stars and by Goodman & Dickson (1998) for low mass stars. At the level of discussion here, the main difference between the cases is whether the waves propagate towards the surface of the star or towards the centre. However, as long as the waves get damped before they can get reflected back to the radiative-convective boundary there is no practical difference between these cases for the present discussion.
To analyse this case we approximate N 2 as:
We will keep the z dependence of all quantities explicitly and use a Fourier decomposition in the x − y plane. We write for example:
The equation for w becomes:
The turning point is located were N 2 = ω 2 . In the case of a linear dependence of N 2 the equation becomes:
where we introduced:
The solutions of equation (A10) can be written in terms of Airy functions:
Assuming that waves excited at the radiative convective-boundary get damped before being reflected back, then W describe outgoing waves, which are given by
since Bi(x) differs in phase from Ai(x) by π/2 as x → ∞ and the group velocity is opposite in sign to the phase velocity for these waves.
To obtain the normalisationã one needs to compute how the equilibrium tide excites the waves at the radiative-convective boundary. The detailed calculation can be found in Zahn (1975) for massive stars and in Goodman & Dickson (1998) or low mass stars, but the order of magnitude that will allow us to understand the dependence on the properties of the star can be found in Goldreich & Nicholson (1989) .
To make this connection more explicit we can express the constantã in terms of the displacement it implies at the turning point,
It is convenient to write the expression for the derivative of δ z
or equivalently:
We have used the fact that Ai ′ (0) = −1/3 1/3 Γ(1/3) and Bi ′ (0) = 3 1/6 /Γ(1/3).
Once we have the form of the outgoing waves we need to calculate the energy flux. The energy density is the sum of kinetic energy and potential energy that describes the buoyancy force. The energy conservation equation to first order in the perturbation is:
where u is the energy density and F the energy flux. It is straightforward to use the linearized equations for the waves to show that this conservation law is satisfied. Thus to compute the energy flux carried by the waves away from the boundary (in theẑ direction) we need to calculate the time average of wp.
For the pressure we write:
Substituting this form into the equations of motion we find:
thus the energy flux per unit area is given by:
Using the identity Ai(x)Bi ′ (x) − Ai ′ (x)Bi(x) = π −1 (Abramowitz & Stegun 1972) , we get:
We transform now to the spherical case, assuming no rotation of the star. We identify the z direction with the radial direction and use k 2 ⊥ = l(l + 1)/r 2 . With this replacement the scale λ is given by:
The amplitude of the wave was determined at the turning point, which now we identify with the radiative-core boundary, r c . This is justified, since dN 2 /d ln r is on the order of the dynamical frequency of the star, and we have λ /r ≪ 1. To get the energy flux we need to integrate over the area of the core, which introduces another factor dΩr 2 c |Y lm | 2 = r 2 c . After this translation our expression for the luminosity agrees with Equation (13) of Goodman & Dickson (1998) , which reads:
The order of magnitude of the displacement at the radiative convective boundary is given by the value for the equilibrium tide, the ratio of the external tidal potential Φ ext ∝ −G(qM)r 2 /d 3 to the local gravitational acceleration g, times the deviation from constant density (see exact derivation below):
whereρ is the mean density inside the sphere of radius r, or equivalently
where α is a proportionality constant. To get this proportionality constant, which is of order unity, requires solving the forced equations for the modes (Zahn 1975; Goodman & Dickson 1998) . However it is clear from the expression for L that it only depends on the properties of the star near the radiative-convective boundary. Thus if we use the location, density and enclosed mass of this region to make dimensionless the expression of the energy flux, all we are doing when we solve the details of the modes across the star is calibrating a numerical constant of order one. Equation (A22) is also equivalent to equation (19) in Goldreich & Nicholson (1989) :
although without the factor (1 − ρ/ρ ) 2 . Similar equation was derived by Savonije & Papaloizou (1984) , once again without the (1 − ρ/ρ) 2 factor. This factor tends to decreases the torque for cores with density distribution which is close to uniform, and cannot be neglected. For example, for n = 3 polytrope with r c /R=0.1 this factor is ≈ 7.9 · 10 −3 , leading to an error of more than two orders of magnitude. Next we make the connection with the work of Zahn (1975) , where the radiated energy is given there in section 2.e. The flux of energy far away from the radiative convective boundary is computed using the asymptotic from of the modes far from the boundary, but as explained in Zahn (1975) the waves are excited interior to this region. Solutions for the excited waves are found by matching solutions in the various regions of the star. In our notation equation (2.50) of Zahn (1975) reads
where R is the stellar radius and because we want to make the connection with the notation of Goodman & Dickson (1998) we have used spherical harmonics rather than Legendre polynomials to define the modes and thus we have removed a factor of 4π(l + m)!/(2l + 1)(l − m)!. We have also assumed that in equation (2.50) of Zahn (1975) γ = 1, valid in the regime where waves do not reflect back to the radiative-convective boundary. The constant K 0 is given by equation (2.40) of Zahn (1975) :
